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Abstract
The leitmotif of this paper is the question of whether four- and higher even-dimensional Con-
formal Gravities do have a Chern-Simons pedigree. We show that Weyl gravity can be obtained
as dimensional reduction of a five-dimensional Chern-Simons action for a suitable (gauged-fixed,
tractor-like) five-dimensional AdS connection. The gauge-fixing and dimensional reduction program
admits a readily generalization to higher dimensions for the case of certain conformal gravities ob-
tained by contractions of the Weyl tensor.
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I. INTRODUCTION
Four-dimensional conformal (Weyl) gravity has received a renewed interest since the
advent of AdS/CFT correspondence. In the interplay between the latter and conformal
geometry, the Weyl action turns up in the form of certain conformally invariant terms in
the volume renormalization of conformally compact Einstein (CCE) metrics [1]:
1. in ‘Lanczos-form’, as volume anomaly of 5D CCE metrics
∫
M4
(
Ric 2 − 1
3
R 2
)
(1)
given by the boundary integral of the so-called Q-curvature [2] in 4D;
2. in ‘Weyl-form’, as renormalized volume of 4D CCE metrics [3, 4]
∫
M4
Weyl 2 . (2)
The integral of Branson’s Q-curvature generalizes the volume anomaly to higher even di-
mensions [5], with the Fefferman-Graham obstruction tensor [6] for its metric variation gen-
eralizing the 4D Bach tensor, as shown in [7]. The renormalized volume of even-dimensional
CCE metrics admits as well a higher-dimensional extension [8]. Both constructions result
in particular candidates for conformal gravities in higher even dimensions. In six dimen-
sions, for example, a particular combination of Weyl contractions has been singled out by
the requirement that its space of solutions contains all Einstein metrics [9, 10]; one could
have anticipated this result by recalling that one of the features of the Fefferman-Graham
obstruction tensor is that it vanishes for conformally Einstein metrics, so that the resulting
combination of Weyl terms is precisely the one in Q6 as computed, for example in [11],
within AdS/CFT correspondence.
The aim of this letter is to gain a new perspective on four- and higher even-dimensional
conformal gravities by addressing the question of whether they do admit a Chern-Simons
(CS) formulation. The answer to the analogous question in three dimensions has long been
known: the lagrangian of 3d conformal gravity of Deser, Jackiw and Templeton [12, 13] is
precisely the CS lagrangian of the tractor connection [14–17]. This is actually what Horne
and Witten showed [18], even before the name tractor was coined in conformal geometry [31].
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In three dimensions, conformal gravity is constructed out of a dreibein e iµ as fundamental
variable and the action[12, 13]
ICG =
∫
M3
wi ∧ dwi + 2
3
εijkwi ∧ wj ∧ wk (3)
where wi = εijk ω
kl
µ dx
µ with ω klµ the Levi-Civita or Riemannian connection associated with
the given dreibein ei so that, despite resemblance, this is not a Yang-Mills gauge theory.
The (covariant) equation of motion demands three-dimensional spacetime to be conformally
flat, i.e., a vanishing Cotton tensor
Cµνλ = ∇µρνλ −∇λρνµ = 0, (4)
the covariant curl of the Schouten or rho-tensor
ρµν = Rµν − 1
4
Rgµν . (5)
The tractor connection, on the other hand, comes into play from the conformal group in
three dimensions. There are 10 generators: 3 translations (Pi), 3 Lorentz boosts and rotation
(Jij, or alternatively ‘dualized’ to a 3-vector Ji), 3 special conformal transformations (Ki)
and 1 dilatation (D). The gauge connection is the Lie-algebra valued form
A = e iPi + w
iJi + λ
iKi + φD , (6)
and the Chern-Simons action for this gauge theory of SO(3, 2)
ICS =
k
8pi
∫
M3
〈
A ∧ dA+ 2
3
A ∧ A ∧ A
〉
(7)
yields a vanishing curvature (or flat connection) as equation of motion
F = dA+ A ∧A = 0 . (8)
The classical equivalence between three-dimensional conformal gravity and this CS theory
was established by Horne and Witten [18]. Under the assumption of invertibility of the
dreibein, they showed that the gauge choice φµ = 0 is consistent and that the equations of
motions, after drastic simplification, force ω ijµ to be the Levi-Civita connection and −λ iµ to
be the rho-tensor. In all,
φ = 0 , (9)
dei + ωij e
j = 0 , (10)
−λi = ρi , (11)
dρi + ωij ρ
j = 0 . (12)
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The first three relations above define the gauge choice, whereas the last one is precisely
the equation of motion of 3D conformal gravity: vanishing of the Cotton tensor. In this
particular gauge, the Chern-Simons action becomes that of conformal gravity, that is, the
CS lagrangian of the resulting partially on-shell gauge-fixed connection
τAµ = e
i
µPi + w
i
µJi − ρ iµKi . (13)
In component form, one can easily recognize the tractor connection of conformal geome-
try [16, 17] (different conventions demand a little scrambling and sign flips)
0 −e iµ 0
e jµ ω
ij
µ ρ
j
µ
0 −ρ iµ 0
.
We do not dwell any further in odd dimensions as final target space; our present interest,
instead, focuses in conformal gravities in four and higher even dimensions, where no direct
construction via a CS form is available. A possibility, inspired by AdS/CFT correspondence,
suggests itself: to look for a CS form in one dimension higher and trade conformal symmetry
in d = even by AdS group in d + 1 = odd. However, unlike usual AdS/CFT lore, contact
with final even-dimensional target space will be achieved by dimensional reduction on a
circle.
Our proposal is to start with AdS-invariant Chern-Simons lagrangians in odd dimensions
and then to perform a suitable gauge-fixing that, after dimensional reduction, leads to local
curvature invariant lagrangians as candidates for conformal gravities in even dimensions.
This new perspective on four- and higher even-dimensional conformal gravities may cast a
different light on the problems on unitarity and renormalizability of gravitational theories
(cf. [9, 21] for a recent discussion).
II. ADS CHERN-SIMONS GRAVITY
Our starting point will be the theory of gravity in d = 2n+ 1 obtained as Chern-Simons
gauge theory for the SO(2n, 2) group [22] The writing in terms of spin connection for the
Lorentz group proceeds as follows
4
1. splitting of the general AdS-connection [32]
A =
1
2
ωˆIJJIJ =
1
2
ωˆijJij + q
iJi,2n+2, (14)
where i, j = 1, 2, . . . , 2n+ 1. More graphically,
ω ijµ q
j
µ
−q iµ 0
.
2. next, identifying qi and ωˆij with the vielbein ei and the Lorentz spin-connection ωij,
respectively, on the manifold to be considered.
In this way, the AdS-connection is rewritten as
A =
1
2
ωijJij + e
iJi , (15)
where, for simplicity, we have set the AdS radius to one and renamed Ji,2n+2 ≡ Ji as a
momentum generator (which is not incorrect, but one has to keep in mind that [Ji, Jj] =
Jij) [33].
Little has been said about the roˆle of the trace 〈〉 in the algebra; nonetheless, for any
even dimension d = 2n, the following trace (invariant tensor) will be used
〈JI1I2 . . . JI2n+1I2n+2〉 = εI1...I2n+2, (16)
which, throughout I = (i, 2n+2) with i = 1 . . . 2n+1, amounts to the trace to be considered
hereafter
〈Ji1i2 . . . Ji2n−1i2nJi2n+1〉 = εi1...i2n+1 . (17)
We close this section with a final remark on AdS Chern-Simons gravity. The action,
modulo boundary terms, can be rewritten in the form of a (first order) Lovelock gravity [23,
24] as
ICS =
∫ n∑
p=0
1
2n + 1− 2p

 n
p

 εi1...i2n+1Ri1i2 . . . Ri2p−1i2pei2p+1 . . . ei2n+1 (18)
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where Rij = dωij + ωi k ω
kj with i, j, k = 1, . . . , 2n + 1. It is worthwhile to recall that the
vielbein is merely a part of the connection, e.g., ei = ωi,2n+1. The equations of motion of
Chern-Simons gravity are generically
〈δAF n〉 = δωˆI1I2F I3I4 . . . F I2n+1I2n+2εI1...I2n+2 = 0
= δei2n+1εi1...i2n+1R¯
i1i2 . . . R¯i2n−1i2n
+ δωi2ni2n+1εi1...i2n+1R¯
i1i2 . . . R¯i2n−3i2n−2T i2n−1 = 0.
with R¯ stands for R¯ij = Rij + ei ej and T i = dei + ωi je
j stands for torsion two-form. For
simplicity, and in order to connect with Lovelock equation of motion, this is usually split as
Ei2n+1 = εi1...i2n+1R¯i1i2 . . . R¯i2n−1i2n = 0
Ei2ni2n+1 = εi1...i2n+1R¯i1i2 . . . R¯i2n−3i2n−2T i2n−1 = 0
It must be stressed that, unlike for any other Lovelock gravity, to impose T i = 0 is
actually not the most general solution in this case. This is due the fact that the torsion
two-form in the context of Chern-Simons gauge theory is merely a component of the gauge
curvature, T i = F i2n+1, and therefore T i = 0 comprises a very particular subset of the space
of solutions of F n = 0.
III. A TRACTOR-LIKE GAUGING OF THE ADS CONNECTION
The idea now is to reformulate a conformal theory of gravity in even dimensions as
a Chern-Simons gauge theory with the help of an extension of a manifestly conformally
invariant tractor-like connection. The construction is obviously not direct because of the
clash between the numbers of dimensions: there is a tractor connection for SO(d − 1, 2) in
the (even) d− 1-dimensional manifold, whereas the SO(d− 1, 2) CS density lives in (odd) d
dimensions. The way out proposed in this work is to proceed with a dimensional reduction
of the 2n+ 1-CS density to end up with a 2n-dimensional manifestly conformally invariant
theory. The simplest approach assumes a 2n + 1-manifold of the form M′ = M× S1 or
M′ =M×R1 and considers only the zero modes, so that the difference in this case becomes
irrelevant.
In close analogy with a tractor connection [17], we consider a connection for the SO(2n, 2)
group in terms of the conformal generators (see Appendix A for their expression) in the space
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M′ =M× S1 given by
A =
1
2
ωij(x)Jij + e
i(x)Pi + ρ
i(x)Ki + Φ(x)dϕD (19)
where i, j = 1, 2, . . . 2n and a system of coordinates XM = (xµ, ϕ) has been considered on
M′ with ϕ parametrizing S1. On the other hand,
ρi = ei νρ
ν
µdx
µ
with ρµν
ρνµ =
1
d− 3
(
Rνµ −
1
2(d− 2)δ
ν
µR
)
(20)
being the Schouten tensor of the d−1 = 2n-dimensionalM and Rνµ and R, the Ricci tensor
and scalar, respectively. The Schouten tensor relates the Riemann and Weyl curvatures
Rµναβ =Wµναβ + gµαρνβ − gναρµβ − gµαρνα + gνβρµα ,
or, equivalently, as two-forms
Rij =
1
2
W
ij
kle
kel + 2(eiρj − ejρi) (21)
where W ij kl is the Weyl tensor.
Weyl Transformation
This tractor-like connection is constructed to make explicit a Weyl transformation on
M in the form of a gauge transformation A → eξDAe−ξD + eξDd(e−ξD). In this case the
transformation of the component of A in Eq.(19) transforms as
ei → eξei
ωij → ωij +Υiej −Υjei
ρi → e−ξ(ρi +DΥi +ΥiΥµdxµ + eiΥµΥµ)
with Υµ = ∂µξ(x) and Υ
i = EiµΥµ = E
iµ∂µξ(x).
The introduction of Φ along D does not changes the law of transformation of the other
component of the connection under A→ eξDAe−ξD+eξDd(e−ξD). In fact this only introduces
a transformation for Φ given by
Φdϕ→ Φdϕ− dξ
7
where dξ has only projection onM which determine in practice that a Weyl transformation,
from the point of view of its pullback on M has no effect on Φ. Furthermore this trans-
formation, as it will be observed, has no effect at all on the CS action. This defines that
Φ, from the point of view of the effective theory under discussion, is actually a scalar field
under Weyl transformation.
IV. DIMENSIONAL REDUCTION: FROM 5 TO 4 DIMENSIONS
Let us illustrate the dimensional reduction from 5 to 4 dimensions. In this case one
starts with a product manifoldM′ =M×S1, coordinates XM = (xµ, ϕ), and a gauge-fixed
connection the form
A =
1
2
ωijJij + (e
i + ρi)Ji6 + (e
i − ρi)Ji5 + ΦdϕD (22)
where i = 1 . . . 4.
For d = 5 and AdS5 (SO(4,2)) the idea relays on considering the 5-Chern Simons density
I =
∫
M4×S1
εabcdf
(
RˆabRˆcdqf +
2
3
Rˆabqcqdqf +
1
5
qaqbqcqdqf
)
, (23)
where Rˆab = dωˆab + ωˆacωˆ
cb with a = 1, . . . , 5, and establishing the map between ei, ρi and
qa as follows
ωˆij = ωij
ωˆi 5 = ei − ρi
ωˆ5 6 = Φ(x)dϕ = q5 (24)
ωˆi 6 = ei + ρi = qi .
This yields
Rˆij = Rij − (ei − ρi)(ej − ρj) and
Rˆi5 = D(ei + ρi), (25)
where now Rij = dωij + ωi kω
kj is the four-dimensional Riemann curvature two-form.
After replacing Eq.(25) and Eq.(24) into Eq.(23) and integrating along ϕ one obtains the
four dimensional action
I =
∫
M4
Φεijkl
(
RijRkl + 8Rijekρl + 16eiejρkρl
)
(26)
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For the sake of clarity these terms can be rewritten in metric formalism. For instance,
εijklR
ijRkl =
(
RµναβRµναβ − 4RµνRµν +R2
)√
gd4x = E√gd4x (27)
which can be recognized as the Euler density E . This defines, once expressed in metric
formalism, the action
I =
∫
M4
Φ
[
E + 2
(
Ric 2 − 1
3
R 2
)]
(28)
=
∫
M4
Φ ·Weyl 2 . (29)
The equations of motion for this action can be obtained either from the Chern-Simons
equations of motion and later replacing the gauge choice, or directly from the variation of
Eq.(28) with respect to the metric. The result in both cases is a generalization of the Bach
tensor. Moreover, a further gauging of Φ to a constant reduces the equation of motion to
those of Weyl gravity, containing in particular all Einstein metrics.
V. DIMENSIONAL REDUCTION IN HIGHER DIMENSIONS
The 2n+ 1 dimensional Chern Simons action for SO(2n,2) can be written as
I2n+1CS =
∫
M2n×S1
n∑
p=0
1
2n+ 1− 2p

 n
p

 εa1...a2n+1Rˆa1a2 . . . Rˆa2p−1a2pqa2p+1 . . . q2n+1 (30)
where Rˆab = dωˆab + ωˆac ωˆ
cb with a, b, c = 1, . . . , 2n + 1. It is direct to prove after that
replacing the ansatz
ωˆij = ωij
ωˆi 2n+1 = ei + ρi
ωˆ2n+12n+2 = Φ(x)dϕ = q2n+1 (31)
ωˆi 2n+2 = ei − ρi = qi,
with i = 1, . . . , 2n, the action merely becomes
I2n+1CS =
∫
M2n×S1
εi1...i2n
(
(Ri1i2 + 2ρi1ei2 − 2ρi2ei1) . . .
. . . (Ri2n−1i2n + 2ρi2n−1ei2n − 2ρi2nei2n−1))Φdϕ (32)
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This is direct to integrate along ϕ and after some realignments in terms of Eq.(21), namely
Rij = 1
2
W
ij
kle
kel − 2(eiρj − ejρi), one can rewrite Eq.(32) as
I2nCG =
∫
M2n
Φδj1...j2ni1...i2n
(
W i1i2j1j2 . . .W
i2n−1i2n
j2n−1j2n
)√
g d2nx. (33)
These gravities just constructed, as the number of dimensions increases, saturate every
possible contraction of the Weyl tensor to the corresponding power. However Eq.(33) con-
tains more than a mere collection of the possible contraction of the Weyl tensor, they are
added with particular set of relative coefficients. This is due to the larger, but hidden, AdS
symmetry preserved by this action principle, beyond the pure Weyl invariance preserved by
an arbitrary set of coefficients. This is completely analogous to the general Lovelock action
which preserves Lorentz symmetry versus the Chern-Simons action, a Lovelock gravity with
particular set of coefficients, which preserves the larger AdS symmetry.
Essentially Eq.(33) has the same form of the Euler density but in this case the Riemann
curvature has been replaced by the Weyl curvature. The seven dimensional case gives rise
to a six-dimensional conformal gravity
I6CG =
∫
M6
Φ
(
W µνγτWγτξλW
ξλ
µν + 4 W
µν
ξλW
ξτ
νκW
λκ
µτ
)√|g|d6x . (34)
VI. CONCLUSION AND OUTLOOK
In retrospective, in this work it has been shown that a family of conformal gravities in even
dimensions, constructed out of the Weyl tensor and a scalar field (under diffeormorphisms
and Weyl transformation), can be cast as a Chern Simons theory for the conformal or
AdS group in the appropriate dimension. Furthermore, it has been shown that certain
combinations of the Weyl invariants present an enlarged, and seemingly unnoticed, SO(2n, 2)
symmetry. The purely gravitational theories that result upon gauging of Φ to a constant
ought to be compared with those obtained in [25] based on squares of higher curvature Weyl
tensors.
It is worthwhile to stress that although the 2n dimensional theory, after compactification,
is purely metric actually it is not possible to translate the original (gauge-fixed) Chern
Simons theory into a purely metric 2n+1 Lovelock theory. In 2n+1 dimensions in addition
to the translation from vielbein into metric it is necessary the introduction of a non-Levi-
Civita connection as the ansatz itself defines a non zero torsion in 2n+ 1 dimensions.
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Another open issue concerns the possibility to implement different traces, i.e., different
invariant tensors, and the question of whether these exhaust the list of type-B trace anomalies
in the given even dimension. This would require the bystander field Φ to be gauged to a
constant; however, we notice that a kinetic term for this field would demand a (conformally
invariant) differential operator of order equal to the dimensionality of the spacetime and the
action would look as a higher dimensional version of the (local) Riegert’s action [26]. We also
notice similarities with the approach in [27], although our tractor-like gauging eventually
leads to Weyl rather than Einstein gravity.
In all, the formulation of conformal gravities as CS theories may have some interest-
ing consequences and open up an alternative route to address unitarity and quantization
aspects of gravitational theories. In principle, the methods presented here could also be
extended to any group containing AdS as a subgroup; one could contemplate the possibility
for supersymmetric [28, 29] and/or higher-spin formulations.
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Appendix A: AdS and conformal algebras
Here we make explicit the connection between AdSd group and the conformal group in
(d− 1)− dimensions for reference (see, e.g.,[30]). On one hand the algebra of AdSd is given
by
[JAB, JCD] = −δEFABδGHCDηEGJFH, (A1)
with A,B = 0 . . . d, and on the other hand, the conformal algebra is
[Mij ,Mkl] = −δmnij δopkl ηmoMnp
[Mij , Pk] = −(ηikPj − ηjkPi) [D,Pi] = Pi
[Mij , Kk] = −(ηikKj − ηjkKi) [D,Ki] = −Ki
[Pi, Kj] = 2Mij + 2ηijD [D,Mij] = 0
(A2)
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with i, j = 0 . . . d− 2. It is direct to observe that both sets map into each other throughout
Jij = Mij Jid−1 =
1
2
(Pi +Ki)
Jd−1d = D Jid =
1
2
(Pi −Ki).
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